We consider two types of strongly localized modes in discrete nonlinear lattices. Taking the lattice nonlinear Schrodinger (NLS) equation as a particular but rather fundamental example, we show that (1) the discreteness effects may be understood in the "standard" discrete NLS model as arising from an effective periodic potential similar to the Peierls-Nabarro (PN) barrier potential for kinks in the Frenkel-Kontorova model; (2) this PN potential vanishes in the completely integrable Ablowitz-Ladik variant of the NLS equation; and hence (3) the PN potential arises from the nonintegrability of the discrete physical models and determines the stability properties of the stationary localized modes.
I. INTRODUCTION
Many problems in the nonlinear dynamics of spatially extended physical systems involve continuous media, so that nonlinear coherent excitations ("solitons") are naturally described as solutions to partial differential equations. However, models describing microscopic phenomena in solid-state physics are inherently discrete, with the lattice spacing between the atomic sites being a fundamental physical parameter. For these systems, an accurate microscopic description involves (a large set of) coupled ordinary differential equations, and discreteness effects may modify drastically the dynamics of the localized, nonlinear excitations even in the framework of the simplest models (see, e.g. , Refs. [1] - [7] to cite a few).
Recently, interest in localized modes in anharmonic lattices has been heightened by the identification of a new kind of strongly localized mode in a homogeneous nonlinear lattice [3] . Since the lattice is urithout impurities, this mode has been termed an "intrinsic localized mode" in order to distinguish it from the impurity-induced localized modes well known in the linear theory of crystal lattices (see, e.g. , Ref. [8] ). Properties of the intrinsic localized modes have subsequently been widely discussed in the literature (see, e.g. , Refs. [9] - [18] ). For the model describing a chain of particles of equal masses m interacting via harmonic ( k2) and quartic anharmonic ( k4) forces, the highly localized nonlinear modes may be found by a Green's-function technique [3] or by a simple method developed in [10] . The "Sievers-Takeno" (ST) mode pattern is [3] u (t) = A(... , 0, -2, 1, -2, 0, ... ) cos(wt), where A is the mode amplitude and the approximation is better for larger (k4/k2)A . The mode frequency w lies above the nonlinear cutoK frequency of the spectrum band, and the particles oscillate out of phase with their nearest neighbors, as one would expect for a high-frequency, optical-type excitation [see Fig. 1(a) 1(b) suggests that they are related by translations of 1/2 lattice spacing and therefore they should both "occur" as two "states" of a single mode transiting through the lattice. Our present study confirms that these two stationary states can indeed be viewed as belonging to a single localized mode and that the difFerence in their energies may be attributed to an efj'ective periodic po tential generated by the lattice discreteness and similar to the "Peierls-Nabarro" (PN) potential for kinks in the Frenkel-Kontorova (FK) model (see, e.g. , [1] ). The PN potential, first discussed in classic papers on the continuum theory (and corrections thereto) of dislocations [19] [20] version. To motivate the specific choice of the NLS equation, we recall that the analytical approach used to find the shape of the intrinsic localized modes in a lattice is based on the so-called "rotating-wave" approximation, which assumes that only the terms proportional to cos(ut) are taken into account to derive the equation for the spatial structure of the mode (see, e.g. , [3, 10] i.e. , the lattice can support no oscillation of wavelength shorter than its fundamental lattice spacing andĩ s the frequency corresponding to these shortest wavelength oscillations. The nonlinear oscillations of the lattice model (1) may exhibit an instability that leads to a self-induced modulation of the spatially constant state as a result of an interplay between nonlinear and dispersive eKects. This phenomenon, referred to as modulational instability, leads to the existence of inhomogeneous, localized states and is responsible for energy localization.
For the discrete or lattice NLS equation (1), the modulational instability is readily analyzed (see, e.g. , [6] ). Equation (1) has an exact constant amplitude solution (t) = foe' " with 0 = qn -wt, We begin our investigation with the "standard" lattice NLS equation
where the frequency~obeys the nonlinear dispersion relation i Q"+ K(g"+g -+ g"g -2g") + AIQ"~g"= 0.
(u = 4Ksin --A 02 (3) This equation has been widely used to describe selftrapping phenomenon in a variety of systems, from vibronic modes in natural and synthetic biomolecules [21, 22] to the dynamics of a linear array of vortices [23] . Equation (1) may also be treated as a special limit of the discrete Ginzburg-Landau equation (see, e.g. , [23] A. Positive A and low-frequency localized modes
One of the main eKects of modulational instability is the creation of localized pulses (see, e.g. , Ref. [24] ). In the present case this means that for A & 0 the small q region is unstable, and, therefore, nonlinearity can induce the formation of localized modes below the smallest frequency allowed for constant amplitude nonlinear excitations given by (3) . Such localized modes can be obtained directly from the lattice NLS equation (1) following the method of Ref. [10] . We seek stationary solutions of Eq.
(1) in the form, P (t) = Af e *,obtaining a set of coupled algebraic equations for the real function f, Based on our earlier remarks, we seek two types of strongly localized solutions of Eq. (5), centered respectively at and between the particle sites. First, we assume the mode to be centered at the site n = 0 and take fo = 1, f~= f, and I f"I (( fq for InI ) 1 Fig. 2(a) ], (6) where the parameter (q --K/AA is assumed to be small (i.e. , terms of order (~a re neglected). The frequency w in Eq. (6) Fig. 1(a) ] is in fact unstable, but the P mode [shown in Fig. 1(b) ] is extremely stable. Exactly the same conclusion for the high-frequency localized modes follows from our simple analysis. Moreover, the observation of intrinsic localized modes trapped by discreteness [18] can be interpreted as trapping by the e8'ective PN potential. Thus the existence of these two kinds of stationary modes, i.e. , stable and unstable ones, simply follows from the equilibrium points of an effective PN potential for the localized modes, and this phenomenon is rather general to be valid for diferent types of nonlinear models.
III. THE ABLOWITZ-LADIK INTEGRABLE DISCRETE NLS EQUATION
It is interesting to compare the results obtained for the "standard" discrete NLS model (1) with those of the completely integrable discrete Ablowitz-Ladik (ALNLS) variant of the NLS equation [20] [cf. Eq. (1)],
Al&"l'(@""+&", ) = 0. (12) Although the models (1) and (12) -
We start from the exact soliton solution of the ALNLS model [20] at B = 0 which we take in the form A. (14) we use the normalized variables t~t/K and~g"~' -+ (2K/A)~g"~'.
Considering now the right-hand side of Eq. (13) as a perturbation, we can use the perturbation theory based on the inverse scattering transform [25] . For the case of the ALNLS model, the perturbation theory is elaborated in [26] . According to this approach, the parameters of the localized solution (15) , i.e. , p, k, n, and xo, are assumed to be slowly varying in time. The equations describing their evolution in the presence of perturbations may be found in Ref. [26] . Substituting (14) 
One of the simplest ways to calculate the shape of the PN potential in the case of the "standard" NLS equation is to use the integrable version of the lattice NLS equation, i.e. , the Ablowitz-Ladik model, and to treat the difference between these two models as a perturbation. To do so, we rewrite the standard discrete NLS equation (1) in the form i -@"+K(g"+g + g"g -2@") dk dt 2n sinh p sin(2vrxo) ys sinh(~2/p) (17) and also dIJ, /dt = 0. In Eq. (17) we keep only the contribution of the first harmonic because the higher harmonics of the order s will always appear with the additional multipliers exp( -vr s/p), which are assumed to be small. The system (16) , (17) ' where the parameters 2;0 and k have the sense of the generalized coordinate and momentum, respectively. The first term is the kinetic energy of the effective particle, the second one is a periodic potential, which is, in fact, the periodic PN relief. For consistency with our perturbative approach, we assume the difference between the two models is small, i.e. , the parameter p is assumed to be [16) and results of the stability analysis given in [18] . In particular, we have demonstrated that the discreteness effects on the nonlinear localized modes may be understood as arising from an effective periodic potential similar to the well-known PN potential for topological kinks in the FK model. This PN potential also explains the stability properties of localized modes; in particular, the results that the stable high-frequency mode is centered between neighboring particle sites, whereas the stable low-&equency mode is centered at a particle site. 
